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Abstract 
In this paper, quartzite and sandstone are numerically investigated under planar shock loading. Those geologic materials consist of 
cemented quartz grains. Quartzite has a compact structure whereas sandstone has a porosity of typically around 20 %. A mesoscale (grain 
scale) model is developed in order to catch inter-granular interactions and porosity crushing under shock loading. For this purpose, quartz 
grains are explicitly resolved in a Finite-Element model such that their shape and orientation are represented. The quartz grains are 
modeled as elastic crystals with a pressure-dependent, anisotropic stiffness matrix. Using parameter variations, we study the effect of 
porosity and pressure-dependency of the quartz stiffness on the macroscopic behavior of quartzite and sandstone. Descriptors of the 
macroscopic behavior are macroscopic longitudinal stress and shock wave speed. These quantities are determined via a homogenization 
methodology. 
Keywords: sandstone, quartz, shock, mesoscale, anisotropy, shock.  
Nomenclature 
US shock velocity (m/s) 
UP particle velocity (m/s) 
P  pressure (GPa) 
e specific internal energy (m²/s²) 
Cij stiffness coefficients (GPa) 
Greek symbols 
ρ density (mg/mm³) 
Γ Grüneisen coefficient (-) 
ε strain (-) 
σ stress (GPa) 
1. Introduction 
Meteorite impact on Earth is a wide topic that has gained more and more interest over the past years. Apart from the 
threat meteorites represent for human civilization, some meteorites that collided onto Earth millions of years ago can be 
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traced back via the crater morphology they left behind. The crater morphology is influenced by the nature of soil they strike. 
Meteorite material, size, impact speed and incident angle are key parameters for scientific investigations on meteorite 
impacts [1]. 
In the MEMIN (Multidisciplinary Experimental and Modeling Impact Research Network) project, geologic materials are 
investigated at the laboratory scale through downscaled impacts of metallic spherical projectiles (up to one centimeter in 
diameter) onto quarried rock cubes (about half a meter edge length) [2]. In the numerical part of the MEMIN project we 
attempt to model the mechanical behavior of those rocks at mesoscale (or grain scale). By homogenization of the mesoscale 
model results to the macroscale, we derive macroscale material models. Macroscale simulations with these models are used 
to simulate the impact experiments, the simulation methodology is finally upscaled to model meteorite impacts on earth.  
In this work the mesomechanical behavior of dry sandstone and quartzite is investigated under planar shock conditions. 
Quartzite is a compact conglomerate of quartz grains, dry sandstone represents its porous counterpart with a porosity of 
typically around 20 %. In a previous contribution [3], idealized geometries of dry sandstone and water-saturated sandstone 
were modeled with SPH particles and subjected to planar shock. Key features such as shock pressure and shock wave speed 
with respect to particle velocity, global porosity and water-saturation could be ascertained, but the possible influence of 
grain size distribution, grain shape and spatial arrangement of grains on shock compaction was not taken into account. 
In the present work, a refined mesoscale model of quartzite and sandstone is proposed. Quartz grains are explicitly 
resolved in a Finite-Element model, their shapes and orientations are generated on the basis of a statistical grain size 
distribution based on micrograph analyses [4]. This geometrical refinement is fundamental when local mechanisms shall be 
considered. Our model includes pressure-dependent anisotropic stiffness pertaining to the crystallographic nature of 
quartz [5], pore crushing under compressive shock and grain-grain interaction. These are key mesoscale phenomena that are 
generally not explicitly resolved in classical macroscale models. Phenomena that are not considered here but are planned to 
be considered in the future are inter-granular failure, which is particularly relevant when tensile loading is involved, and the 
crushing of grains which occurs under very high pressures. 
The goal of this contribution is to study the influence of porosity and pressure-dependent quartz stiffness on the 
macroscopic behavior of quartzite and sandstone under planar shock conditions. The loading is inspired from experimental 
Planar-Plate Impact (PPI) tests. A parameter study is performed in which the stiffness coefficients of quartz are purposely 
varied, the variations cover isotropy, either with or without shear stiffness, and the pressure-dependent anisotropy. The 
effects of quartz stiffness on macroscopic longitudinal stresses and macroscopic shock wave speeds in both quartzite and 
sandstone will be assessed over a range of prescribed particle velocities. 
2. Mesoscale modeling of quartzite and sandstone 
2.1. Equation of State of quartz grains 
The use of an Equation of State (EOS) that can handle highly shocked material is essential when modeling material states 
typical for PPI tests. In contrast to the previous contribution [3], no complex Analytical Equation of State (ANEOS) will be 
used for quartz, thus no phase transition effects will affect the parameter study. Instead, a classical Mie-Grüneisen shock 
EOS will be employed for quartz, it is expressed by: 
 HHEOS eePP * U
                                                        
(1) 
where PH is the reference Hugoniot pressure, eH the reference Hugoniot energy, Γ the Grüneisen coefficient and ρ the 
density. PH is determined by combining the linear shock velocity–particle velocity relation US=C0 +SUP  with the three 
Rankine-Hugoniot equations. Parameter values for the model are Γ = 0.9, C0 = 3775 m/s and S = 1.695. The bulk density of 
quartz is ρ0 = 2.65 kg/m³. With this EOS, the equivalent bulk modulus, which is defined as the first derivative of the 
Hugoniot pressure with respect to the compressive volumetric strain εV, increases with increasing pressure, making quartz 
stiffer at higher pressures. 
2.2. Pressure-dependent anisotropic stiffness model of quartz grains 
Quartz grains possess a crystalline structure, their elastic behavior can be described by an anisotropic elastic stiffness 
tensor. Ab initio calculations of loadings in single lattice directions of quartz crystals were performed in [5] to determine the 
stiffness tensor of quartz, as summarized with the Voigt notation in Equation (2). 
107 Nathanaël Durr and Martin Sauer /  Procedia Engineering  103 ( 2015 )  105 – 112 


















































































                                          
(2) 
These stiffness coefficients are not constant but dependent on the instantaneous pressure that prevails in the material. The 
following table summarizes the values of stiffness coefficients for different pressure values. 
                                              Table 1. Pressure-dependent stiffness coefficients of quartz in GPa from Purton et al. [5] 
Pressure (GPa) 11C  33C  44C  12C  13C  14C  66C  
0 86.74 107.2 57.94 6.99 11.91 -17.9 39.88 
1 86.4 103.3 43.6 13.5 14.8 -17 36.2 
2 84.2 105 40.8 18.2 16.7 -15.4 32.2 
5 80.8 111.2 31.6 32.1 23.1 -9.9 24.6 
8 81.2 119.2 22.2 44.5 30.2 -3.0 18.3 
10 84.2 124.6 18 52.2 35.5 12.1 15.8 
10.5 84.6 125 17.7 53.3 36 16.7 15.7 
11 85.1 125.8 17.5 54 36 22.5 15.6 
12.5 86.2 128.3 16.4 56.6 38.2 38.2 15.2 
2.3. Combining EOS and anisotropic stiffness model of quartz grains 
Using a strategy proposed by Anderson et al. [6], we combine the anisotropic stiffness with the EOS in order to obtain a 
material description that can be used for higher pressures than the values available in Table 1. In general, in an isotropic 
model, the deviatoric stress-strain relations (represented by the shear modulus G) and the spherical stress-strain relations 
(represented by the bulk modulus K), can be set up independently of each other. In an anisotropy model, however, both 
relations are coupled to each other. If one decomposes the stress tensor and the strain tensor into their respective deviator 
and spherical parts, one obtains: 
                         
1                                        1 VdevPS HHHV   
                                                     
(3) 
The general coupled stress-strain relationships for anisotropic materials are given by: 
                         
        :                          .  dev VhyddevVdev KBPACS HHHH   
                                  
(4) 
where Cdev and Khyd are the anisotropic proportional moduli, in analogy to the moduli in classical isotropy with simplified 
expressions, and A and B are the anisotropy-related coupling terms. A, B and Cdev can be obtained by applying the 
decompositions in (3) to the general expression σ = C ε. The mechanical compatibility between the stiffness tensor and the 
EOS is realized by replacing the Khyd.εV term by PEOS, as suggested by Anderson et al. [5]. We calibrated the acoustic wave 
speed in the Mie-Grüneisen EOS such that both pressure terms are equal at zero pressure.  
In view of the parameter study, we define a reference case for quartzite and sandstone, characterized by constant quartz 
stiffness coefficients. Note that the volumetric response is still non-linear due to the EOS. The coefficients are extracted 
from Table 1 at zero pressure and set constant over the whole pressure range. As a result, a classical anisotropic model with 
constant stiffness coefficients has been set up. From this model, an equivalent isotropic quartz model can be derived. To 
determine the corresponding two Lamé constants, Hill [7] demonstrated that equivalent bulk and shear moduli can be 
estimated between a lower “Reuss” bound and a higher “Voigt” bound. As an approximation, we took the arithmetic 
average of those bounds for both bulk and shear moduli and obtained the following values: Kiso = 37.76 GPa and 
Giso = 42.62 GPa. We have shown in [8] and also found in parameter variations with the simulations shown below, that the 
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homogenized material responses under anisotropy and isotropy do not noticeably deviate from each other. Hence, we can 
consider the isotropic model as representative also for the case of the anisotropic model without pressure dependence, and 
compare it directly to the anisotropic model with pressure dependence. The background hypothesis is that a poly-granular 
structure with a high concentration of randomly oriented grains exhibits in average an isotropic behavior.  
In summary, we will use models with a constant isotropic shear modulus, with a zero shear modulus, and with a set of 
pressure-dependent anisotropic stiffness coefficients in order to investigate the influence of the elastic stiffness model on the 
macroscopic behavior of quartzite and sandstone. 
2.4. Contact modeling 
The contact algorithm used for the simulations is based on a penalty-approach. For each surface (resp. edge) located at a 
grain boundary, a small “gap” is defined. The gap acts as a buffer and is intended to prevent grain interpenetration. Any 
node (resp. edge) that intrudes in a gap accordingly undergoes a repulsive force that pushes it away from the gap surface. 
The equations involved in the contact algorithm are based on the conservation of momentum and energy. 
2.5. RVE geometry and boundary conditions 
The Representative Volume Element (RVE) is generated according to the following procedure. Starting from a periodic 
distribution of seed points within a cubic frame, a Voronoi diagram is generated, see [9]. By removing all segments outside 
the cubic frame, only the inner volume is kept. The resulting compact structure is composed of bounded convex 
polyhedrons, which are supposed to represent quartz grains. To be reasonably representative, an RVE should have at least 
five grains per edge. As quartz grains are in average 100 μm in diameter, the RVE edge size is set to half a millimeter. The 
generated structure is pore-less and is defined as the quartzite RVE. The sandstone RVE is obtained by suppressing the 
smallest inner quartz grains until the target porosity of 20 % is reached. Figure 1 schematizes quartzite and sandstone RVEs. 
 
                                        
Fig. 1. Geometric representation of a compact quartzite RVE (left) and a porous sandstone RVE (middle) with color coded grain contours and an edge 
length of 0.5 mm. Translucency is activated in the sandstone RVE in order to display the inner pores. On the right, a tetrahedral mesh is shown.  
To achieve a perceptible pore crushing and the settling of a stable pressure wave front, the numerical model should have 
a sufficient length in longitudinal direction. Thereto, eight periodic RVEs are coupled in a row such that the final model has 
a length of 4 mm. 
A constant longitudinal velocity is applied to the left boundary of the RVE assembly at time zero to represent the shock 
wave produced by the projectile in a planar plate impact experiment (here not explicitly modeled) onto the target plate. 
Finite element nodes located on RVE surfaces perpendicular to the prescribed velocity field are not allowed to move along 
the surface’s normal direction in order to ensure a one-dimensional strain loading state. If the investigated material is 
compact quartzite with zero shear strength, the US-UP relation directly correlates with that defined in the Mie-Grüneisen 
EOS. If the target material is sandstone, the presence of pores will effectively slow down the shock wave propagation speed. 
In contrast to the previous work [3], and in order to maintain reasonable computational times, no buffer compact 
quartzite area is inserted between the boundary condition and porous sandstone. The particle velocity UP and the prescribed 
boundary velocity are therefore identical per se. 
3. Homogenization methodology 
The intent of homogenization is to summarize local mesoscopic behavior into meaningful macroscopic relations, such as 
the macroscopic US-UP relation and the macroscopic σlong-UP relation, where σlong is the longitudinal compressive stress. For 
this purpose, a mathematical average of local variables needs to be performed over an adequate material volume. 
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In order to catch local variables within the target material, the RVE assembly is partitioned into several sub-volumes 
(called “history voxels” in the following) that deliver partial averages of local variables, see Figure 2. History voxels can be 
fixed in space, or be set in global movement along with a user-prescribed velocity (the latter is intended to track moving 
target material over time). In each history voxel, local homogenization is performed by weighting element-based variables 
(such as pressure, stresses and strains) by element volume, and summing them up. Similarly, nodal-based quantities, such as 
velocities and displacements, can be annexed to neighboring elements on a pro-rata basis. The summed quantity can 
subsequently be normalized by the material volume (compact homogenized value) or by the voxel volume (porous 
















The latter expression accounts for porosity and is thus useful for a homogenization to the macroscopic scale. While 
moving history voxels are always normalized by the initial volume in our implementation, fixed ones catch the real-time 
material filling degree and consequently the crushing porosity. For these reasons, the fixed history voxels will be used in the 
analysis. The number of history voxels throughout the RVE assembly length is 320, thus each history voxel covers about 
12.5 μm of material in the longitudinal direction.  
 
Fig. 2. Schematic representation of a sandstone partition into history voxels. The material volume of a history voxel considers grain volume only, whereas 
the voxel volume additionally accounts for pore space. 
Global homogenization is done by averaging all local homogenized values inside the shock region. If all history voxels 
are identical in size, the averaging is not weighted. As the target moves towards the right during shock loading, the (space 
fixed) history voxels on the left-hand side progressively leave the target. The contribution of those voxels to the global 
homogenization is thus weighted by the residual target volume they encompass. 
The shocked region is bounded by the boundary that moves left and the propagating shock front. Unlike general shock 
wave theory, where a discontinuous pressure jump is assumed, the rise time of a shock wave in a simulation is smoothed 
over several elements. The shock wave front is therefore defined here as the locus of nodes lastly reaching a threshold 
defined by half of the prescribed velocity. In practice, at a given time t, all voxels whose average particle velocity have 
exceeded this threshold are marked as shocked voxels. The very right-handed shocked voxel is consequently depicted as the 
shock wave front. The distance between the shock wave front and the initial left boundary Δx provides the shock wave 
speed US=Δx/t. 
4. Parameter study 
4.1. Reference Case: Isotropic Grains with Constant Shear Modulus 
As reference cases, quartzite and sandstone are assumed to be composed of isotropic quartz grains with a constant shear 
modulus. As quartzite is compact, a smooth one-dimensional wave with uniform pressure level throughout the shocked area 
is expected. In contrast to the case of anisotropic grains, where the different orientations of the stiffness tensor in 
neighboring grains leads to partial wave reflection and local stress concentrations, such effects are not expected at 
intragranular boundaries in the isotropic case. As a result, in the isotropic case, quartzite is expected to behave like pure 
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quartz, and sandstone can be regarded as a homogeneous quartz matrix with voids. However, under shock compression and 
as pore crushing proceeds, local stress concentrations arise at pore walls due to local wave reflections. 
Figure 3 exemplarily shows typical pressure contours encountered in quartzite and sandstone at a prescribed particle 
velocity UP = 1000 m/s and a loading time of 80 ns. One can notice the high stress homogeneity in quartzite, whereas 
sandstone undergoes local stress concentrations. In addition, the smooth plane shock wave front in quartzite noticeably 
differs from the skewed one in sandstone. 
 
Fig. 3. Longitudinal cross-sectional view of the quartzite (left) and sandstone (right) model composed of isotropic quartz grains and shocked with a 
prescribed constant velocity pulse of 1 km/s and a loading time of 80 ns. In this representation, 2 RVEs were taken out of the row of 8 RVEs. Contours 
indicate pressure levels. Please note the inner pores and local stress concentrations in the sandstone model. 
4.2. Isotropic quartz: Active Shear Stiffness versus Inactive Shear Stiffness 
In this case, quartz grain isotropy is assumed, and the influence of shear stiffness, represented by the shear modulus, on 
the compressive behavior of quartzite and sandstone is investigated. This is of interest, as in some of the former studies on 
shock behavior of quartzite and sandstone, shear stiffness has been disregarded. 
The following Figure 4 depicts successive frames of sandstone with longitudinal pressure contours at different times. The 
upper frames show the results for activated active shear stiffness, the lower ones for inactive shear stiffness. The prescribed 
particle velocity is UP = 1500 m/s. 
           
         
Fig. 4. Pressure contours in a longitudinal cross-sectional view of sandstone at different instants of time. The prescribed velocity is UP = 1500 m/s. Upper 
row: shear stiffness is active. Lower row: shear stiffness is inactive. 
When shear stiffness is activated, the pores are moderately crushed. This phenomenon is known as “shrinking” and was 
already described in [3]. In contrast, sandstone with no shear stiffness is clearly subjected to extreme pore crushing. In the 
latter case, quartz grains offer no resistance to shock loading and “jetting” dominates. It is noticeable that the shock wave 
propagation is much faster when shear stiffness is active. This is explained by the positive contribution of the shear modulus 
to the longitudinal wave speed. 
The resulting macroscopic US-UP and σlong-UP relations, respectively, are shown in Figure 5 for both quartzite (red) and 
sandstone (blue) with active (thick line) and inactive (thin line) shear stiffness, respectively. The investigated particle 
velocities in this parameter study range from 50 to 4000 m/s. 
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Fig. 5. Macroscopic US -UP (left) and σlong-UP (right) relations for quartzite and sandstone with isotropic quartz, resp., with G > 0 and G = 0. 
As expected, and according to previous work [3], the shock velocity and the pressure monotonically increase with respect 
to the particle velocity. At fixed shear stiffness, quartzite-related longitudinal stresses and shock velocities prevail over 
those of sandstone. Not only shock wave propagation in sandstone is hindered by the presence of pores, but also the pore 
crushing due to the shock load irreversibly consumes energy, thereby attenuating the shock stress peak. 
Comparing active and inactive shear stiffness for a fixed material variant, a higher shock velocity can be observed when 
shear stiffness is active. According to one-dimensional strain wave theory, the shock velocity can be written as       
US = ((Kshock + 4/3 G)/ρ)1/2, with Kshock being the instantaneous bulk modulus given by the EOS, so that a zero shear stiffness 
results in a lower shock velocity. As particle velocities increase, the shock wave speed of the non-stiff material converges to 
that of the stiff material. This can be explained by the negligible contribution of the shear modulus towards the bulk 
modulus in quartz stiffness at high velocities. As quartzite exhibits a higher bulk modulus than sandstone, there exists a 
threshold particle velocity, namely 2500 m/s, from which shock waves in quartzite without quartz stiffness are faster than in 
sandstone with quartz stiffness. 
Another finding concerns longitudinal stress levels, as expected, they are higher when quartz stiffness is active. From the 
Rankine-Hugoniot equations, the longitudinal compressive strain can be expressed by σlong =ρ0UPUS. As the particle velocity 
and the initial density are user-prescribed, the longitudinal compressive stress is proportional to the shock wave speed. 
Materials with higher shear stiffness thus undergo higher compressive stresses. 
When the particle velocity decreases to zero, we can remark that the shock wave speed in sandstone without shear 
stiffness tends to zero. At these lower particle velocities, the pores are crushed easily as no shear stiffness constrains the 
shear deformation of grains and the internal inertia forces are low. 
4.3. Constant Isotropic Stiffness versus Pressure-Dependent Anisotropic Stiffness 
In the case investigated in this section, pressure-dependent quartz grain anisotropy as introduced in Section 2 is 
considered in the simulations for quartzite and sandstone. The same boundary conditions are used as in Section 4.2. The 
macroscopic US-UP and σlong-UP relations, respectively, are plotted in Figure 6. The results from the previous section for the 
isotropic case with active shear stiffness are also included for comparison. 
                       
Fig. 6. Macroscopic US -UP (left) and σlong-UP (right) relations for quartzite and sandstone, resp., with isotropic (G > 0) and anisotropic quartz. 
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At low particle velocities, both constant stiffness and pressure-dependent stiffness cases deliver similar responses, as 
stiffness coefficients were calibrated such that they are coincident at zero pressure. As the particle velocity increases, we can 
demonstrate that the equivalent shear modulus Giso(P), as introduced in Section 2.3, decreases with increasing pressure. This 
explains why the shock wave speed slope of the pressure-dependent case slightly decreases as the particle velocity 
increases. From a particle velocity of about 2.5 km/s, the US-UP curve of the pressure-dependent case catches the reference 
curve up. Again, this is due to the negligible role of shear stiffness when high particle velocities are involved. Consequently, 
we can state that the pressure-dependent stiffness model used here noticeably slows shock wave propagation down with 
respect to constant stiffness when intermediate particle velocities, ranging from 500 to 2500 m/s, are involved. 
Concerning longitudinal stress levels, a much less noticeable but similar tendency can be observed. Longitudinal stresses 
in the pressure-dependent stiffness case lie below those of the constant stiffness case by roughly 10 % in average. 
If we confront all stiffness models together, we observe that macroscopic US-UP and σlong-UP curves of the pressure-
dependent case are bounded by those of the both constant stiffness cases (with active and inactive shear stiffness). 
5. Conclusion 
In this paper, a refined Finite-Element mesoscale model of quartzite and dry sandstone has been developed for 
application to planar shock loading. Grain sizes and shapes were generated on the base of micrograph analyses and were 
statistically distributed to build a Representative Volume Element. Owing to this close-to-reality microstructure, grain 
interactions, grain contacting and pore collapse could be tracked during the shock compressive process.  
The volumetric behavior of quartz grains, the bulk material of sandstone, was modeled with a Mie-Grüneisen Equation of 
State and coupled to an anisotropic elastic stiffness model for quartz. A parameter study was performed by varying quartz 
stiffness. Effective quartz isotropy with constant and zero shear modulus, and quartz anisotropy with pressure-dependent 
stiffness coefficients were successively investigated. The effects of shear stiffness and of porosity on the macroscopic 
behavior of quartzite and sandstone have been demonstrated and quantified. 
Some general conclusions can be drawn from the results. In sandstone, pore crushing slows wave propagation down. For 
the considered geometry with 20 % porosity, and in the particle velocity range up to 4000 m/s considered here, the shock 
wave speed is reduced by about 10 % compared to compact quartzite, whereas the macroscopic longitudinal stress is 
reduced by about one third. Shear stiffness dominates the pore crushing process, which is characterized as shrinking or 
jetting, the latter occurs if the shear stiffness is neglected. When the quartz stiffness is reduced to zero, shock velocities and 
stress levels decrease. This influence is biggest for the shock velocity in the sandstone model at low particle velocities. 
Here, Us actually tends to zero, whereas the reduction gradually reduces to less than 20 % for higher particle velocities. 
When the pressure-dependent stiffness model is used, the increase of shock velocities and longitudinal stresses in the 
velocity range from 500 to 2500 m/s becomes smaller than for pressure-independent shear stiffness. This is due to the 
decrease of some of the stiffness coefficients in the anisotropic model. At particle velocities higher than 2500 m/s, the bulk 
stiffness dominates the shear stiffness, pressure-dependent and pressure-independent cases tend to approach each other. 
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